We test the robustness of the conditions required for the existence of (supersymmetric) warped flux anti-de Sitter, de Sitter, and Minkowski backgrounds in supergravity theories using as examples suitable foliations of anti-de Sitter spaces. We find that there are supersymmetric de Sitter solutions in supergravity theories including maximally supersymmetric ones in 10-and 11-dimensional supergravities. Moreover, warped flux Minkowski backgrounds can admit Killing spinors which are not Killing on the Minkowski subspace and therefore cannot be put in a factorized form.
Introduction
Anti-de Sitter (AdS), de Sitter (dS) and Minkowski (Mink) warped flux backgrounds have an important role in a variety of applications in the context of supergravity, string theory, M-theory and gravity/CFT correspondences, for reviews see e.g. [1, 2, 3, 4, 5] . Because of this, there has been much progress towards the classification of such backgrounds with special focus on AdS solutions, see e.g. [6] - [12] . A different classification method for AdS and Mink backgrounds has also been proposed in [13, 14, 15] which makes no assumptions on either the form of the fields or that of the Killing spinors apart from imposing on the former the symmetries of AdS or Mink subspaces.
During the historical development of the area, and in efforts to find explicit solutions, some assumptions have been made on the properties of such backgrounds and their Killing spinors in addition to the usual requirement that the fields must be invariant under the isometries of the AdS, dS or Mink subspaces. One of them has been the requirement that the spacetime Killing spinors factorize into Killing spinors of the AdS, dS and Mink subspaces and to Killing spinors on the internal space. These additional assumptions have consequences and a priori put additional restrictions on the type of solutions that can occur as well as the counting of their supersymmetries.
The purpose of this paper is to provide a concise example based description of issues that arise in the understanding of the properties of (supersymmetric) warped flux AdS, dS and Mink backgrounds especially used in, but not exclusively related to, the classification of all such solutions. These issues include the exploration of questions regarding the existence of such backgrounds in supergravity theories, the number of supersymmetries that they preserve, and the way that these supersymmetries can be counted. The last two questions are closely related to the question of whether all Killing spinors can be factorized into Killing spinors on the AdS, dS and Mink subspaces and Killing spinors on the internal spaces 1 . Such questions have originally been raised in [13, 14, 15] for warped flux AdS and Mink backgrounds. Here the examples will further elucidate the issues involved and the dS backgrounds will also be included in the analysis.
Our analysis leads to some unexpected conclusions regarding the existence of supersymmetric dS, AdS and Mink backgrounds 2 . There are supersymmetric dS solutions in supergravity theories. In particular, for every supersymmetric AdS k , k > 2, warped flux solution of a supergravity theory there is at least one supersymmetric warped flux dS n solution, 2 ≤ n < k, preserving the same number of supersymmetries. For example, there are maximally supersymmetric dS n solutions 3 in 11-dimensional supergravity for every 2 ≤ n < 7, and similarly in IIB there are maximally supersymmetric dS n solutions for every 2 ≤ n < 5.
One can also show that similar conclusions to those described above for dS solutions also hold for warped flux Mink backgrounds. In addition, one can show explicitly that 1 We adapt the terminology of compactifications where AdS, dS or Mink is the lower-dimensional spacetime and the transverse space is the internal space. However no restrictions are put on the internal space like the requirement to be compact.
2 Note that the spaces AdS 2 and dS 2 are isometric. Their metrics differ by an overall sign which is not an observable.
3 All these solutions are locally isometric to AdS 7 × S 4 in agreement with the classification results of maximally supersymmetric solutions in [16] . some supersymmetric warped flux Mink solutions admit Killing spinors which depend nontrivially on the coordinates of the Mink subspace. Such Killing spinors are not invariant under all of the symmetries of Minkowski space but nevertheless solve the KSEs of the supergravity theories. Clearly such Killing spinors cannot be written in a factorized form as in (4.1) and therefore their exclusion leads to an incorrect counting of supersymmetries.
A similar analysis can be done for warped flux AdS solutions to conclude that for every supersymmetric AdS k background, there are warped flux AdS n backgrounds with n < k that preserve the same number of supersymmetries. So in 11-dimensional supergravity there are maximally supersymmetric warped flux AdS n solutions for n ≤ 7 and in IIB for n ≤ 5.
Before we proceed to explain how we obtain these results let us state our assumptions. It is known for some time that there are no smooth warped flux Mink and dS solutions of 10-and 11-dimensional supergravity theories with compact without boundary internal space [17, 18] , see also section 3. So our results on Mink and dS solutions are local and apply to a suitable open set or when the internal spaces can be taken to be non-compact. On the other hand there are smooth warped flux AdS compactifications and therefore our results can apply in general in this case.
The difference between our results and the prevailing line of thought in some of the literature regarding the properties of supersymmetric warped flux AdS, dS and Mink backgrounds can be explained by the way that the supergravity KSEs are solved in the two cases. Typically in the literature, the KSEs are solved after imposing a factorization of the spacetime Killing spinors in terms of suitable Killing spinors 4 on the AdS, dS or Mink subspace and some Killing spinors on the internal space. In our approach, which has been described in detail for AdS and Mink backgrounds in [13, 14, 15] , no such assumption is made. Instead, the spacetime KSEs are integrated over the AdS or Mink subspaces to find the explicit dependence on the coordinates of these spaces, and then the remaining KSEs on the internal space are identified. The Killing spinors do not generically factorize as in (4.1) and (4.2). Presumably a similar analysis can be done for warped flux dS backgrounds. Our results explicitly show that the problem of non-existence of real Killing spinors on the dS space, required by the factorization of Killing spinors, is not a barrier for the existence of Killing spinors over the whole spacetime. This paper is organized as follows. In section 2, we present a class of foliations of AdS spaces with leafs either AdS, dS or Mink subspaces and prove that the metric of the original AdS space takes a suitable warped form. In section 3, we review a nonexistence theorem for dS and Mink backgrounds in supergravity theories. In section 4, we investigate the existence of supersymmetric warped flux AdS, dS and Mink backgrounds in supergravity theories, and in section 5 we give our conclusions.
Foliating and Warping AdS
The examples we shall present to describe the properties of warped flux AdS, dS and Mink backgrounds utilize the property that the AdS spaces can be foliated with AdS, dS and Mink subspaces. This has been explored before in the literature [19] - [22] . Here we shall give a description which is suitable for our purposes and resembles the form used in [23] . It is known that AdS n+1 space can be described as a conic
where ℓ is the radius. Using polar coordinates for (t 1 , t 2 ) and (x 1 , . . . , x n ), separately, one can describe the standard metric on AdS n+1 in global coordinates. Furthermore AdS n+1 can be seen as a foliation with leafs given by AdS n . To see this, first set
and thus the equation for the conic becomes
and the induced metric on AdS n+1 reads
where t is not taken to be periodic. Next set
for r ≥ 0, and
In these co-ordinates, the equation for the conic becomes
The resulting metric is
and hence
which is clearly in a warped product form with warp factor cosh 2 y. Observe that in this choice of parametrization the metric of both AdS n+1 and AdS n are written in global coordinates. Therefore the whole of AdS n+1 is foliated with AdS n subspaces. Clearly the procedure can be repeated and therefore an AdS space can be foliated with any AdS subspace of lower dimension.
Next let us consider the foliation of AdS n+1 with dS n . To solve the conic equation (2.1), introduce polar coordinates for (x 1 , . . . , x n ), which yields
where
The induced metric then becomes
Next set t 2 = ρ sinh ξ and r = ρ cosh ξ, with ρ ≥ 0. The equation for the conic reads 12) and the induced metric is
Finally setting ρ = ℓ sinh y and t 1 = ℓ cosh y, the metric can be rewritten as
is the metric on dS written in global coordinates. Clearly, the metric of AdS n+1 is in warped form. Since it is required that ρ ≥ 0, we have to make the restriction that sinh y ≥ 0. Furthermore notice that t 1 ≥ 0, and as a result only part of AdS n+1 is foliated with dS n subspaces. Alternating AdS and dS foliations of an AdS space, one concludes that (a suitable part of) AdS spaces can be foliated with dS spaces of any lower dimension.
To construct a foliation of AdS n+1 with Minkowski subspaces, we can consider the Poincaré patch. In such a case, the metric of AdS n+1 can be written as 16) which is of course in warped form. Only part of AdS n+1 is foliated in this way.
Existence of dS and Minkowski solutions 3.1 Revisiting a non-existence theorem
It is known that there are restrictions on the existence of smooth warped Minkowski and dS solutions with fluxes in 10-and 11-dimensional supergravities [17, 18] . Here, we review the argument from the point of view of the Hopf maximum principle. To be concrete, consider the metric of such a background
where M n stands for R n−1,1 , AdS n or dS n and N D−n is the internal space and Φ is a function of N D−n only. The latter is required for the background to preserve the isometries of M n . Imposing the symmetries of M n onto the full solution, one can find expressions for the remaining form field strengths of all (massive) IIA, IIB and 11-dimensional supergravity theories.
Next, suppose we are considering only supergravity theories without higher order curvature corrections and sources. In such a case, the Einstein equation in all these theories reveals that the warp factor satisfies the equation
where R(M n ) is the Ricci scalar of M n , S(F ) ≥ 0 is a semi-definite function of the metric and fluxes F , and P depends on the fields and q is a constant q > 0. Now if R(M n ) ≥ 0, which is the case for Minkowski space and dS, the the right-hand side of the above equation is positive semi-definite. In these two cases, one can apply the Hopf maximum principle. Assuming that all the data are smooth, including the warp factor Φ, and that the internal space is compact without boundary, one finds that the only solution is that Φ is constant. Consistency then requires that R(M n ) = 0 and S(F ) = 0. Therefore the equation has smooth solutions if and only if M n = R n−1,1 and the fluxes are restricted by S = 0. The latter condition for 10-and 11-dimensional supergravities requires that the fluxes vanish. Therefore, one concludes the following [17, 18] • There are no smooth warped flux dS solutions of 10-and 11-dimensional supergravities with compact without boundary internal space.
• There are no smooth warped flux Mink solutions to 10-and 11-dimensional supergravities with non-trivial fluxes and compact without boundary internal space.
We remark that this non-existence theorem is a consequence of the field equations and therefore it is valid also for non-supersymmetric solutions. In the case of AdS spaces, the above argument does not apply as the right-hand-side of (3.2) is not positive semidefinite. This is in agreement with the existence of many smooth AdS solutions with compact without boundary internal space. The Hopf maximum principle can be applied also to spaces with boundary but it requires some additional assumptions. To see this, suppose that N D−n is compact but with a smooth boundary. It turns out that (3.2) again does not admit solutions provided that Φ has a maximum in the interior. This is because if such a maximum existed as a critical point the left-hand-side would have been strictly negative while the right-hand-side is positive semi-definite. The implications for Minkowski and de Sitter backgrounds are as those stated above. However in this case, there may be solutions which do not exhibit a maximum 5 in the interior. In such a case, the maximum will occur at the boundary of the internal space.
Robustness of the assumptions
To test the assumptions made for the proof of the non-existence theorem in the previous section, first notice that there exist smooth dS and Mink solutions in supergravity theories with non-compact internal spaces. Examples include the planar M-branes and D3 brane solutions and for dS solutions see [24] . The foliations of AdS space described in section 2 provide many more examples. In what follows we shall examine more closely the robustness of the assumptions made in the proof of the non-existence theorem in the previous section using the foliations of AdS space.
Clearly, higher order corrections to supergravity coming from string theory or some other modification of supergravity theory that includes higher curvature terms can change the conclusions as they may interfere with the positive semi-definiteness of the right-handside of (3.2). A similar conclusion can be reached by adding additional source terms into the Einstein equations or by removing the smoothness assumptions on the fields.
Therefore, for the sake of argument, let us stay within supergravity theory and insist on the smoothness of the fields. In the case of Mink solutions, one can consider one of the smooth AdS solutions of 10-and 11-dimensional supergravity theories, like the AdS 5 × S 5 solution in IIB or the AdS 7 × S 4 solution of 11-dimensional supergravity. Then write the AdS subspace as a warped product of Minkowski space as described in (2.16) in section 2. The warp factor e 2y is smooth. Next if the y coordinate is extended over the whole real line, the internal space N is not compact. On the other hand if it is restricted to an interval it attains a maximum value at the boundary as expected from the Hopf maximum principle. If one tries to periodically identify the y direction so that the internal space is compact, then the warp factor is not continuous. In all cases, the solutions behave as required by the general analysis.
Next consider the dS case. Again let us begin with a smooth AdS solution in 10 or 11 dimensions and then warp the AdS with a dS subspace as described in (2.14) in section 2. In this case, the warp factor is sinh 2 y with y > 0. The warp factor vanishes at y = 0, but this is a coordinate singularity as AdS is non-singular. The remarks made for the Mink solutions also apply to this case. The solutions behave as expected from the general theory. Moreover none of the assumptions for the validity of the non-existence theorem can be weakened, as otherwise there are solutions. on AdS, dS or Mink with Levi-Civita connection∇ and ξ r are solutions of the KSEs on the internal space, where R(M n ) = −λ 2 and γ are the scalar curvature and gamma matrices on AdS, dS or Mink spaces, respectively. The KSEs of the internal space are derived after enforcing (4.1) on the supergravity KSEs and using (4.2). Several different factorizations have appeared in the literature depending on the number of terms in the sum in (4.1) and the reality properties of the spinors. All of them lead to constant Killing spinors along the Mink subspaces, in the standard coordinates and frame, of the associated warped flux backgrounds. We shall refer to this as the "factorization" approach or method.
Integration
There is another method to solve the KSEs of supergravity theories without making any assumptions on the form of the Killing spinors, on the internal space N or on the fields, apart from imposing on the latter the isometries of the AdS, dS or Mink subspaces [13, 14, 15] . For this, one substitutes the fields of the associated backgrounds into the supergravity KSEs and solves them along the AdS, dS or Mink subspaces. Then one collects the remaining KSEs along the internal space. This investigation has been carried out for AdS and Mink solutions where the a priori number of supersymmetries preserved by such backgrounds were counted. The novelty of this approach is that it is completely general and the only assumption that is made is the invariance of the fields under the isometries of AdS, dS or Mink. We shall refer to this as the "integration" approach or method.
As we shall explain, with explicit examples below, the factorization approach contains hidden assumptions. As a result, one does not get the most general form of the Killing spinor in this way. Furthermore, it has consequences for the existence of supersymmetric dS backgrounds.
Minkowski
One of the apparent consequences of the application of the factorization method to Mink solutions is that all the Killing spinors of these solutions do not depend on the standard coordinates of the Mink space. This is because (4.2) in the standard coordinates and frame becomes ∂η = 0 and so all solutions η are constant. Thus the only expected dependence of the spacetime Killing spinors is on the coordinates of the internal space.
Next consider the integration approach to solving the KSEs of supergravity theories that has been investigated in detail for Mink backgrounds in [13, 14, 15] . There it was found that apart from the constant Killing spinors there may exist some additional "mysterious" ones which depend non-trivially on the standard coordinates of Mink. In particular, these Killing spinors are in the kernel of a Clifford algebra operator Ξ 2 but not in the kernel of Ξ, which is constructed from the metric and fluxes, see [13] for the definition of Ξ in 11 dimensions. Naturally, this observation has led the authors of these papers to argue that in general the Killing spinors of warped flux Minkowski backgrounds do not factorize as in (4.1) and (4.2).
It turns out that there are examples that clarify and confirm the presence of these additional mysterious Killing spinors in warped flux Mink solutions. These 7 are the maximally supersymmetric AdS n+1 backgrounds of IIB and 11-dimensional supergravity now viewed in the Poincare patch as warped flux Mink n solutions, see also section 2. Such solutions in Poincare coordinates, and in an appropriate frame, have apart from constant Killing spinors also Killing spinors that depend non-trivially of the coordinates of the Mink n subspace. The latter are necessary for the correct counting of supersymmetries.
It would be of interest to find whether there are other warped flux Mink solutions of supergravity theories which are not foliations of AdS spaces and admit Killing spinors which depend non-trivially on the standard coordinates of the Mink space. This question can be answered on a case by case basis since given the fluxes and the metric, the kernels of the Clifford algebra operators Ξ 2 and Ξ can be computed explicitly.
AdS
The warped AdS backgrounds of 10-and 11-dimensional supergravity theories have been investigated in complete generality in [13, 14, 15] . The question of the factorization of Killing spinors as in (4.1) has also been investigated where it was found that in general they do not factorize. This is also supported by the following indirect argument. It is well known that at very large AdS radius the warped flux AdS backgrounds become Mink backgrounds. This limit is smooth on both the fields and the supergravity KSEs. Taking the limit in any factorization method, the only solutions of (4.2) are constant spinors in the standard coordinates of the Mink subspace in the limit. However, as we have explained above there are counter-examples to this.
Here we would like to point out an application of the foliation of AdS spaces with AdS subspaces. As the maximally supersymmetric, and other, AdS backgrounds of supergravity theories can be foliated with AdS subspaces, one concludes that 11-dimensional supergravity admits maximally supersymmetric 8 AdS k solutions for every 2 ≤ k ≤ 7 and similarly the IIB supergravity admits maximally supersymmetric AdS k solutions for every 2 ≤ k ≤ 5. Of course all these solutions are locally isometric to either AdS 4 × S 7 or AdS 7 ×S 4 in 11 dimensions or AdS 5 ×S 5 in IIB, all of which are maximally supersymmetric solutions in agreement with the classifications results of [16] .
dS
The KSE (4.2) does not admit any real solutions on the dS spaces 9 . As a result based on the factorization method, it is often stated in the literature that there do not exist supersymmetric warped flux dS backgrounds in supergravity theories with a real supersymmetry parameter. This would exclude for example the existence of supersymmetric dS solutions in 11-dimensional supergravity.
The integration method, unlike the cases for AdS and Mink solutions, has not been applied to warped flux dS backgrounds. Nevertheless, it is possible via explicit examples to argue that there are such supersymmetric dS backgrounds. Indeed consider again supersymmetric AdS backgrounds of 10-and 11-dimensional supergravity theories for which the AdS spaces are foliated with a dS subspace as in (2.14). The resulting metric is a warped product of dS n space with a transverse space which includes the y coordinate,
However, since this is actually an AdS n+1 solution, it can preserve some supersymmetry.
In fact, if we foliate the maximally supersymmetric AdS 7 × S 4 solutions, we conclude that there are maximally supersymmetric warped flux dS n backgrounds in 11-dimensional supergravity theory for 2 ≤ n < 7. For this we can appropriately alternate AdS and dS foliations of AdS 7 . A similar conclusion can be reached in IIB based on the maximally supersymmetric AdS 5 × S 5 solution for 2 ≤ n < 5. Of course for such backgrounds to be viewed as dS solutions the internal spaces are not compact as expected from the general non-existence theorem in section 3.
Further dS solutions can be constructed in 10-and 11-dimensions using chains of dualities. For example, once can consider AdS 7 × S 4 , view S 4 as a warped product foliation of S 3 and then reduced on the Hopf fibre of S 3 to find a new solutions in IIA. This can be re-interpreted as dS n solution for n < 7.
Concluding remarks
The foliations of AdS spaces with AdS, dS and Minkowski subspaces can be used as a laboratory to test the various assumptions made on the construction and properties of warped flux AdS, dS and Minkowski backgrounds in supergravity theories. Although these examples are of a particular type, nevertheless they provide answers to a number of subtle questions regarding the properties of these backgrounds. In particular, we have found that warped flux Minkowski solutions admit Killing spinors which can depend non-trivially on the standard coordinates of Minkowski space and that there are supersymmetric warped flux dS solutions in supergravity theories, some of which preserve maximal supersymmetry.
These results have a profound application for the classification of all warped flux compactifications as they question one of the basic assumptions made for their construction; that of the factorization of the Killing spinors in (4.1). As a result of this, the generality of the factorization approach as applied to the classification of such backgrounds must be re-examined. In any case, for AdS and Mink solutions there is the alternative of the integration method for all cases.
The supersymmetric warped flux dS solutions are of particular interest. This is because of cosmological considerations in the context of string and M-theory and the dS/CFT correspondence [26] . It is not apparent that the analysis we have done is sufficient to address the question of existence of appropriate warped flux dS backgrounds suitable for such applications. The main issues of incorporating the dS space in the context of string theory and M-theory, either in a cosmological setting or in dS/CFT, are associated with the non-existence theorems of [17, 18] before the question of supersymmetry arises.
Because of this constructions such as that in [27] may be necessary. However, what our results show using the foliations of AdS spaces is that warped flux dS backgrounds can be supersymmetric in a similar way to that of AdS or Mink backgrounds. In fact, the nonexistence of real solutions to (4.2) can be interpreted as breaking all supersymmetry at the compactification scale instead of prohibiting the existence of supersymmetric solutions in the higher dimensional theory. So it would be of interest to integrate the KSEs of supergravity theories on warped flux dS backgrounds and thus extend the integration method to solving the KSEs in this case so that the number of supersymmetries preserved by such backgrounds can be counted and a more systematic search for solutions can be initiated.
